This investigation focused on the analyses of transverse vibrations of mine hoisting catenaries where collision between adjacent ropes is more likely to occur. To support the analyses of transverse vibrations of catenaries, theoretical correlation models for longitudinal tension and transverse vibration were first established. Based on a severe rope collision case, on-site measurements and numerical simulations were performed. The research results indicated that the external second-order excitation frequency induced by axial fluctuations of head sheave was the primary excitation frequency, which was closer to the resonance frequency. Furthermore, the effects of excitation amplitude and imbalanced tension were also investigated revealing that larger excitation amplitude contributes to larger response amplitude and the maximum response amplitude of a catenary is sensitive to imbalanced rope tension. Eventually, new solutions, which will facilitate hoisting catenary operation beyond the resonance frequency range, were proposed.
Introduction
Steel wire ropes are widely used in many industrial applications due to their high axial strength and bending flexibility [1] . In this latter application, cables connecting the mine hoist and the hoisting conveyance have played a vital role in mine hoisting systems because their endurance strength and fatigue life have great effect on the mine production and safety of miners [2] . A mine multirope hoisting system is shown in Figure 1 . It comprises a driving friction pulley, four hoisting ropes, two sets of head sheaves, two skips, and three tail ropes. The four hoisting ropes pass from the same friction pulley over the four singular head sheaves, forming four upper and lower catenaries, to the skip constrained to move in a vertical shaft, forming four vertical ropes hanging below the four singular head sheaves.
The difference of material property results in the difference of rope tension, which aggravates the friction of sheave groove [3] . To keep a balance of rope tension, a tension equilibrator is used to connect multiple ropes to hoisting conveyance as shown in Figure 2 . The four main hoisting ropes are fixed to the piston poles while the hoisting conveyance is fixed to the cylinder blocks. Under the condition that one rope's tension is higher than the others, the oil of high pressure in the corresponding hydraulic cylinder will be squeezed into the other three hydraulic cylinders through a connection pipe, which leads to a new balance of the four rope tensions. However, due to the failure of tension equilibrator, such as the existence of creeping phenomenon between the cylinder blocks and the piston poles, the tensions in the four hoisting ropes are not completely equal.
During mine production, the hoisting ropes are always subjected to axial tensile loads and periodic external excitations resulting from axial fluctuations of friction pulley and head heaves, leading to transverse vibrations of the hoisting ropes. In vertical hoisting ropes, the transverse vibrations are mainly at the upper level of the shaft and usually of small amplitude. But in catenaries, the transverse vibrations are usually intense [4] . The resonance may make two adjacent catenaries collide with each other as shown in Figure 3 , accelerating the rupture of the rope. Therefore, it is of great significance to explore the mechanism of the large amplitude transverse vibrations and propose reasonable solutions to reduce the transverse amplitude.
The previous researches on the dynamics of hoisting ropes in coal mines have been undertaken by some scholars. Kaczmarczyk and Ostachowicz [4, 5] derived a distributedparameter mathematical model by employing the classical moving coordinate frame approach and Hamilton's principle with no regard to the transverse motions of head sheave in a single-rope mine drum hoist. Kaczmarczyk [6] has also formulated an integral longitudinal model of the catenaryvertical hoisting cable system with a periodic excitation to analyze the passage through resonance. Wang et al. [7] investigated the lateral response of the moving hoisting conveyance in cable-guided hoisting systems and revealed that the maximum lateral displacement is linearly proportional to the excitation amplitude. Cao et al. [8, 9] established the coupled extensional-torsional model for a frictional hoisting system with an oriented pulley and the extensional-torsionallateral model for a winding hoisting system with a head heave. Mankowski and Cox [10] have studied the longitudinal response of mine hoisting cable to a kinetic shock load. Goroshko [11] described the longitudinal-torsional vibrations of ropes, the elongation of which is obtained during untwisting and the twisting moment occurring under tension.
From the literature reviews regarding the dynamics of hoisting ropes in coal mines, few literatures have dealt with the problem of large amplitude transverse vibrations of hoisting catenaries induced by axial fluctuations of head sheaves in a multirope friction hoist in colliery. The engineering significance of the present paper is to explore the mechanism of the collision behavior of the catenaries in coal mines and then propose reasonable solutions to realize resonance avoidance. Firstly, dynamic analyses of longitudinal rope tensions were investigated. Secondly, a theoretical model of transverse vibrations of hoisting catenaries was established. Finally, based on on-site measurements of a severe rope collision case, the mechanism of large amplitude transverse vibrations of catenaries was explored, providing theoretical basis for avoiding resonance.
Dynamic Analyses of Longitudinal Tension

Theory of Longitudinal Tension.
The transverse vibrations of catenaries are associated with rope tension [3] . To provide a reliable basis for the analysis of collision behavior of hoisting catenaries, dynamic analyses of longitudinal tension were conducted. Figure 4 shows the working principle diagram of a hoisting rope in coal mines. The steel wire rope as a flexible body always subjects to dynamic load during the hoisting process. Based on the conclusion that the transverse vibrations in a vertical rope are of small amplitude [4] , lateral oscillations are thereby not considered in the analysis of longitudinal tension. Considering that the effect of gravity due to a catenary inclination is small compared to the total quasi-static tension, the axial tensile loads along the catenary are assumed to be equal. The continuity of deflection across the head sheave requires that the dynamic tension in the catenary equals to that at the top of the vertical rope [5] . Hence, to obtain the dynamic tension in the catenary, it is imperative to explore the dynamic tension of the vertical rope.
The established coordinate system is located at the outer surface point of the sheave tangent to the vertical rope as shown in Figure 4 . The elastic force instantaneously located in spatial position at time is represented by ( ), which can be formulated from viscoelastic mechanics [12] as
where and are the axial rigidity and viscous damping coefficient of the hoisting rope, respectively, and ( , ) denotes the longitudinal dynamic displacement located in spatial position at time . According to the force condition of the infinitesimal length as shown in Figure 4 , the dynamic governing equation of the vertical rope can be formulated as
where is the linear density of the rope and ( ) denotes the hosting acceleration with respect to hoisting time . Substituting (1) into (2) yields
The boundary conditions of (3) can be expressed as the lifting cycles, the mass of the main hoisting rope and tail rope is time-varying. And the time-varying mass of tail rope was integrated into the mass of hoisting conveyance. Therefore, the dynamic tension in a vertical rope during the lifting process is formulated as
where the parameter represents the mass of the skip and the additional device, and correspond to the payload and the linear density of a hoisting tail rope, ( ) is the distance that the skip has covered until time , denotes the minimum length of a hoisting tail rope during lifting, and is the acceleration of gravity. Due to the failure of tension equilibrator, such as the existence of creeping phenomenon between cylinder blocks and piston poles, the tensions in the four hoisting ropes are not completely equal. Therefore, an imbalance coefficient is introduced
where represents the th rope. If the tensions in the four hoisting ropes are equal, 1 = 2 = 3 = 4 = 1.
The solutions of the inhomogeneous equation (3) contain a general solution and a particular solution. To solve an inhomogeneous equation, its general solution is generally solved ahead of its particular solution. First, after having transformed (3) into a homogeneous equation and assumed the dynamic displacement ( ) = ( ) × ( ), by employing the method of separation of variables and using the boundary conditions in (4), the Eigen function of the vibration of the steel wire rope can be calculated as [13] ( , ) = sin ( ) ( ) ( = 1, 2, 3, . . .)
where ( ) denotes the th approximate solution of transcendental equation (8) .
Subsequently, to solve the inhomogeneous equation (3) using the generalized coordinate method, assume that
where ( ) is the generalized coordinate with respect to time only. The Lagrange equation of the system can be written as
where , , and represent the kinetic energy, potential energy, and dissipated energy of the system, respectively. Substituting (7), (11) into (10) yields
Solving (12) yields
where
Therefore, the solution for the inhomogeneous equation (3) can be got as
Due to ( , ), the dynamic tension instantaneously located in spatial position at time ; is the sum of the elastic force ( ) and the quasi-static force ( , ); therefore,
Simulation Analyses.
According to (16) in Section 2.1, the dynamic tensions in a vertical rope at the skip end and sheave end were calculated. Two typical working conditions (ascending with no payload and full payload) were taken into account. The upward movement profile, as shown in Figure 5 , is divided into seven stages. The velocity function V( ) is given by the following formula: Table 1 . Figure 6 shows the simulation results of rope tensions at the skip end and the sheave end under the two typical working conditions. To obtain a theoretical balance value, the tension imbalance coefficient ( = 1, 2, 3, 4) was set as 1. The seven stages are marked in the red dashed line corresponding to those in Figure 5 (d). It is obviously seen that the fluctuating rope tension occurs at the acceleration or deceleration hoisting stages, such as the first, second, fourth, and sixth hoisting stage as shown in Figure 6 , and decreases with the hoisting time rapidly. During the constant speed hoisting stages (the third, fifth, and seventh hoisting stage shown in Figure 6 ), the variation of rope tension is stable without fluctuation. Sudden change of rope tension at transitional stages between adjacent lifting stages results from the internal load and the flexible impact due to the sudden change of acceleration. Under the two typical working conditions, the overall rise of rope tension at the skip end is attributed to the increasing hoisting tail rope length; meanwhile, the rope tension at the sheave end is basically constant during the constant speed hoisting stage.
Considering the conclusion mentioned in Section 2.1 that the dynamic tension in the catenary equals to that at the top of the vertical rope, the response curves at the sheave end in Figure 6 also represent the tensions in catenaries. In terms of industrial applications, during the maximum constant speed stage, the transverse vibrations of hoisting catenaries are most intense and collision between two adjacent catenaries is thereby more likely to occur. Hence, the tensions at the sheave end at the third hoisting stage are of interest and adopted to conduct the analysis of the transverse vibrations of hoisting catenaries. 
Theoretical Model of Transverse Vibration
To describe the transverse vibrations of hoisting catenaries, a fixed coordinate system is established. Considering that the effect of gravity due to a catenary inclination is small compared to the total quasi-static tension, the hoisting catenaries can be viewed as four horizontally moving catenaries with constant length in the -plane as shown in Figure 7 [4] . The four catenaries wrap around the same friction pulley and attach to the four singular sheaves, respectively. Therefore, the friction pulley is modeled as a fixed-center pulley with axial fluctuating displacement specified by 0 ( ), and the four singular head sheaves are modelled as four particles subjected to axial fluctuating displacement specified by 1 ( ), 2 ( ), 3 ( ), and 4 ( ), respectively, where is the hoisting time. Due to the industrial fact that axial fluctuations of head sheaves excite the transverse vibrations of hoisting catenaries, the rope vibrations are predominantly along the direction in plane as shown in Figure 7 . Therefore, regardless of spatial motions, the planar vibrations are of interest to explore the collision mechanism of the catenaries.
In the present study, considering that the transverse displacement of the catenary is very small compared to the catenary length, and the rope tension is sufficiently so large that its variation due to extension of the rope can be negligible. Therefore, a linear model can be introduced to describe the lateral oscillation of the catenary in coal mine [14] [15] [16] :
where ( , ) is the transverse displacement of the rope particle instantaneously located in spatial position at time and the subscripts and denote partial differentiation, and are the linear density and length of the hoisting catenary, ( ) and V( ) are the hoisting acceleration and velocity, respectively, and is the constant tension in the catenary at the constant maximum hoisting speed stage (the third hoisting stage in Figure 6 ). The nonhomogeneous boundary conditions resulting from axial fluctuations of friction pulley and head sheaves are defined by
where represents the th catenary as shown in Figure 7 .
Using the method from literature [17] , the transverse displacement can be expressed as where ( , ) is the part that satisfies the homogeneous boundary conditions and ℎ( , ) is the nonhomogeneous part. Substituting (21) into (19) yields
where ( nonhomogeneous boundary conditions to one with homogeneous boundary conditions. Applying Galerkin method, assume that the solution of infinite number of degrees of freedom for (19) can be formulated in the following form [18] :
where ( ) is the trial function, ( ) is the generalized coordinate, and is the number of included modes. Substituting (22) and (24) into (23), then multiplying (23) by ( ) ( = 1, 2, . . . , ), and integrating (23) over the interval of 0 and 1, the ordinary differential equations can be obtained as
where = [ 1 ( ), 2 ( ), . . . , ( )] , and the elements of the entries in (25) are defined as
where the superscript denotes differentiation with respect to time. For linear vibrations, the 4-term Galerkin truncation is of enough precise [19] ; therefore, the included number of 
Case Study
On-Site Measurements.
Real object tests were performed on a multirope friction hoist with four hoisting catenaries. A noncontact video gauge whose capacity ranges from 1 mm to 100 m was placed beneath the moving catenaries at an arbitrary appropriate distance. A red grid overlaying the image is the coordinate frame to define the measuring scale of vibration displacements as shown in Figure 8 . The -axis is parallel to the longitudinal direction of the catenaries while -axis is parallel to the lateral. The scaling factor to the pixel measurements is calculated by two points over a known distance from the origin of the coordinate frame to the point marked with " " along the -axis, and the distance between the two points is the rope spacing of 350 mm in this case. With these coordinates for the geometry measurements, the transverse vibration displacements of the hoisting catenaries can be recorded and then analyzed.
During the measurement of transverse displacements of catenaries, the axial fluctuating displacements of the four singular head sheaves and the friction pulley were recorded. Four inductive displacement transducers fixed in the retainer were adjusted to face the outer rim of the four sheaves numbered as 1# to 4# shown in Figure 9 . Additionally, using the same method an inductive displacement transducer was employed to record the axial fluctuating displacements of the friction pulley during the hoisting process as shown in Figure 10 .
At the same time, measurement of the tension at the end of a vertical hoisting rope was made by measuring the oil pressure of the tension equilibrator. To identify the exact test value of the tension of a singular hoisting rope, the four globe valves were closed before the test as shown in Figure 11. 
The Analysis of the Transverse Vibrations of Catenaries.
The measured maximum transverse amplitudes at the center of the catenaries numbered as 1# to 4# (Figure 8 ) during the constant speed stage are demonstrated in Figure 12 . It can be seen that there is no obvious difference between the upper catenaries while significant difference occurs in the lower catenaries. Especially at the center of the lower catenary 2# catenary to 4#, the maximum amplitudes under the condition of no load are much larger than those with full payload. The rope spacing among the four catenaries is 350 mm; therefore, if the maximum transverse amplitudes of two adjacent catenaries both exceed the dangerous threshold of 175 mm, collision will be resulted in and the rupture of the rope is thereby accelerated. Hence, the situations at the center of the lower catenary 3# and catenary 4# shown in Figure 12 can be identified as a fault state because they are much close to the dangerous threshold.
To analyze the behavior of large transverse amplitude of catenaries, the transverse displacements during the constant speed stage at the center of the lower catenaries under the circumstance of no payload were given in Figure 13 . Using fast Fourier transform (FFT), the corresponding amplitude spectrums were illustrated in Figure 14 . It can be seen from Figure 13 that clear resonance occurred in lower catenary 2# to catenary 4#, and the main vibration frequencies are 1.31 Hz, 1.32 Hz, 1.33 Hz, and 1.32 Hz relating to lower catenary 1# to catenary 4#, respectively.
The Analysis of External Displacement Excitations.
The measured axial fluctuating displacements of lower head sheaves 1# to 4# at the constant speed stage are shown in Figure 15 , and the corresponding amplitude spectrums are given in Figure 16 . The catenaries share the same friction pulley, so they have the same axial fluctuating displacements as shown in Figure 17 . The peak-to-peak values of the axial fluctuations of lower head sheaves 1# to 4# are 4.5 mm, 16 mm, 8 mm, and 17 mm, respectively. The rotational frequency of the head sheave is = V / = 0.66 Hz, which also acts as the fundamental excitation frequency of the external excitations. And it can be inferred from Figures 16 and 17 that the first three-order frequency components play the dominating roles in the external displacement excitations. Furthermore, the first three-order excitation amplitudes in the friction pulley are approximately zero which are far less than those in the head sheaves; thus, they can be ignored in this case.
The Analysis of the Tensions of Catenaries.
The tension of a catenary cannot be measured directly while it can be predicted by calculating (16) . In this case, the tension at the skip end can be obtained by measuring the oil pressure of the tension equilibrator. After linear transformation and median filtering, the tension-time curves during the upward movement were presented as curve 2 in Figure 18 . Curves 1 and 3 are the theoretical balance curves relating to sheave end and skip end which are calculated by substituting the practical parameters listed in Table 1 into (16) . According to the conclusion mentioned in Section 2.1 that the dynamic tension in the catenary equals that at the vertical rope top end, therefore, curve 1 shown in Figure 18 also represents the theoretical balance tension of a catenary. It can be concluded from Figure 18 that the tensions in the four catenaries are exactly unbalanced. Through the comparison of curves 2 and 3, the unbalance coefficients for the tensions in lower catenary 1# to catenary 4# referred to as 1 , 2 , 3 , and 4 can be determined as 0.95, 1.01, 1.03, and 1.01.
Simulation and Validation.
In Section 4.3, it has been concluded that the first three-order frequency components play the dominating roles in the external displacement excitations and thus can be specified by 1 sin( ), 2 sin(2 ), and 3 sin(3 ), where 1 , 2 , and 3 are the first threeorder harmonic amplitudes which can be determined from Figure 16 , is the angular velocity of the head sheave. The maximum constant hoisting speed in this case is V = 9.31 m/s; then the angular velocity during the constant speed stage can be calculated as 4.14 rad/s from the formula = 2V / , where is the diameter of head sheave valuing 4.5 m. According to Figure 6 , under the circumstance of no payload, the theoretical balance tension in a catenary during the constant speed stage is 99990 N. Additionally, the unbalance coefficients for the tensions in lower catenary 1# to catenary 4# referred to as 1 , 2 , 3 , and 4 are 0.95, 1.01, 1.03, and 1.01, respectively. Therefore, the exact tensions in the lower catenary 1# to catenary 4# can be derived as 94990 N, 100990 N, 103000 N, and 100990 N. Using the practical hoisting parameters and substituting the exact rope tensions and the first three-order excitations shown in Figure 16 into (25) and (26), the response amplitudes at the center of the four catenaries in time domain are demonstrated in . It can be seen that the first-and third-order response amplitudes are much smaller than the second-order and thereby can be negligible. The simulation maximum secondorder response amplitudes at the center of the lower catenary 1# to catenary 4# are 22.34 mm, 104.3 mm, 172.2 mm, and 160.2 mm, respectively, which are much close to the measured 28.26 mm, 109.8 mm, 171.8 mm, and 168.8 mm as shown in Figure 13 . The difference may result from model errors, which are acceptable when the primary purpose is fault diagnosis. Furthermore, the shapes of the vibrating waveforms under the second-order excitations in Figures 19-22 are much similar to the measured as shown in Figure 13 . Therefore, the validity and applicability of the established linear transverse vibration model can be confirmed. What is more, the main vibration frequencies of the measured data in lower catenary 1# to catenary 4# are 1.31 Hz, 1.32 Hz, 1.33 Hz, and 1.32 Hz, which are approximately double the rotational frequency; hence, it can be concluded that the second-order harmonic frequency is the primary excitation frequency in this case. 
Fault Analysis.
To account for the large transverse amplitudes studied in this case, the maximum response amplitudes in the four lower catenaries with varying excitation frequencies are plotted in Figure 23 . Considering the conclusion given in Section 4.5 that the second-order harmonic frequency is the primary excitation frequency, the excitation amplitudes are thus chosen as 1.9 mm, 3.97 mm, 3.01 mm, excitation frequency of 8.28 rad/s is closer to the resonance frequency than the first-and third-order, accounting for the fact that the second-order amplitude is much larger than the first-and third-order. Additionally, to explore the effect of unbalanced rope tensions on the transverse vibrations of catenaries, under the excitations of 1 sin(2 ), 2 sin(2 ), 3 sin(2 ), and 4 sin(2 ) where 1 to 4 are the second-order excitation amplitudes studied in this case, the response curves of maximum amplitudes are obtained by varying the imbalance coefficient of tension as shown in Figure 24 . It can be inferred that larger excitation amplitude contributes to larger response amplitude. Above all, under the circumstance of unbalanced coefficient 1.05, the smallest response amplitude is even 245 mm with the minimum excitation amplitude 1.9 mm. The rope spacing studied in this case is 350 mm, so if two catenaries are suffering the same unbalanced coefficient 1.05 and the second-order excitation amplitudes are even the same minimum value of 1.9 mm, the sum of the two maximum transverse amplitudes at the center of the catenaries will be 490 mm exceeding the rope spacing and the dangerous collision are absolutely caused.
Summary and Conclusions
The transverse vibrations in the hoisting catenaries where the collision is more likely to occur are particularly focused on in the present study. Theoretical correlation models for the longitudinal tension and transverse vibration were first established. The on-site measurements were performed indicating that the intense transverse vibrations are more likely to occur in the lower catenaries with no payload. Additionally, it was also found that the tensions in the four hoisting ropes are not completely equal in the practical use. To explore the mechanism of large transverse amplitude of a catenary, numerical simulations were performed on the basis of the measured data indicating that the second-order excitation frequency of the external excitations induced by the axial fluctuations of the head sheaves is the primary excitation frequency, which is closer to the resonance frequency range. Furthermore, the effects of excitation amplitude and the imbalanced tension of a catenary are also investigated revealing that larger excitation amplitude contributes to larger response amplitude; above all, the maximum response transverse amplitude is sensitive to the imbalanced rope tension. According to the analyses of this work, some effective measures which can be taken to reduce the large amplitude in the hoisting catenary are drawn as follows:
(1) to optimize the maximum hoisting speed to make the external excitation frequency beyond the resonance frequency range;
(2) to repair or replace the head sheave to make the axial displacements remain at a normal level;
(3) to repair or replace the tension equilibrator to realize the balanced tensions; (4) to optimize the mass of the hoisting skip, such as adding balancing weight to change the resonance frequency.
Eventually, this investigation will provide great theoretical basis to realize resonance avoidance in the hoisting catenaries in colliery. Furthermore, the research results will also be a great help during the design phrase of the machine.
